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Abstract
We study in some detail the master equation, and its solution in a simplified case
modelling flavour oscillations of a two-level system, stemming from the Liouville-
string approach to quantum space time foam. In this framework we discuss the
appearance of diffusion terms and decoherence due to the interaction of low-energy
string matter with space-time defects, such as D-particles in the specific model of
“D-particle foam”, as well as dark energy contributions. We pay particular attention
to contrasting the decoherent role of a cosmological constant in inducing exponential
quantum damping in the evolution of low-energy observables, such as the probability
of flavour oscillations, with the situation where the dark energy relaxes to zero for
asymptotically large times, in which case such a damping is absent. Our findings
may be of interest to (astrophysical) tests of quantum space-time foam models in the
not-so-distant future.
1 Introduction and Motivation
In recent years there has been a debate on whether microscopic black holes can induce
quantum decoherence at a microscopic level. The presence of quantum-fluctuating micro-
scopic horizons, of radius of the order of Planck length (10−35 m), may give space-time a
“foamy” structure, causing decoherence of matter propagating in it. In particular, it has
been suggested [1] that such Planck-scale black holes and other topological fluctuations
in the space-time background cause a breakdown of the conventional S-matrix description
of asymptotic scattering in local quantum field theory. This may lead to experimentally
testable predictions, at least in principle, for instance as regards the so-called sensitive
particle-physics probes of quantum mechanics [2, 3, 4].
It must be pointed out that this suggestion is invalidated if there is holography in
quantum gravity [5], such that any information of quantum numbers of matter, that at first
sight appears to be lost into the horizon, is somehow reflected back on the horizon surface,
thereby maintaining quantum coherence. This may happen, for instance, in some highly
supersymmetric effective theories of strings [6], which however do not represent realistic
low-energy theories of quantum gravity. Supersymmetry breaking complicates the issue,
spoiling complete holography. Recently, S. Hawking, inspired by the above recent ideas
in string theory, has also argued against the loss of coherence in a Euclidean quantum
theory of gravity. In such a model, summation over trivial and non-trivial (black-hole)
space-time topologies in the path over histories makes an asymptotic observer “unsure”
as to the existence of the microscopic black hole fluctuation thus resulting in no loss of
quantum coherence. However, this sort of argument is plagued not only by the Euclidean
formalism, with its concomitant problems of analytic continuation, but also by a lack of a
concrete rigorous proof, at least up to now.
Therefore, for our purposes we still consider the matter of quantum-gravity-induced
decoherence as wide open and worthy of further phenomenological exploitation. This is
the point of view we shall take in this work. We shall restrict ourselves to a specific
framework for analyzing decoherent propagation of low-energy matter in foamy space-
time backgrounds in the context of string theory [7, 8], the so-called Liouville-string [9]
decoherence [10]. Our motivation for using string theory is that it appears at present to
be the best controlled theory of quantum gravity available to date. In this respect we
also mention that there are other interesting approaches to quantum space-time foam,
which also lead to experimental predictions, for instance the “thermal bath” approach
advocated in [11], according to which the foamy gravitational environment may behave as
a thermal bath, inducing decoherence and diffusion in the propagating matter, as well as
quantum damping in the evolution of low-energy observables, features which are, at least in
principle, testable experimentally. As we shall see later on, similar behaviour is exhibited
by the specific models of foam that we study here, which may characterize modern versions
of string theory [8], specifically the D-particle foam model of [12, 13], based on point-like
membrane defects in space time (D-particles).
In the presence of decoherence the S-matrix of the effective low-energy field theory
would then have to be replaced by a linear non-factorisable superscattering operator 6 S
1
relating initial and final-state density matrices [1]
ρout = 6 Sρin. (1)
If this is correct then the usual formulation of quantum mechanics has to be modified.
Arguments have been put forward for this modification of the Liouville equation to take
the form [2]
∂tρ =
i
~
[ρ,H ] + 6 δHρ. (2)
Equations of this form are encountered in the description of the time evolution of the
state of open quantum mechanical systems where 6 δHρ has a Lindblad form [14]. In such
systems observable degrees of freedom are coupled to unobservable components which are
effectively integrated over. Initial pure states evolve into mixed ones and so
6 S 6= SS† (3)
where S = eiHt. In these circumstances Wald [15] has shown that CPT is violated, at least
in its strong form, i.e. there is no unitary invertible operator Θ such that
Θρin = ρout. (4)
Such considerations have more recently again come to the fore because of current neu-
trino data including LSND data [16]. There is experimental evidence, that the neutrino
has mass which leads to neutrino oscillations. However LSND results appear consistent
with the dominance of anti-neutrino oscillations νe ⇄ νµ over neutrino oscillations. In par-
ticular, provided LSND results turn out to be correct, which is unclear at present, there is
evidence for CPT violation. It has been suggested recently [17] that Planck scale quantum
decoherence may be a relevant contribution to the CPT violation seen in the experiments
of LSND. Other examples of flavour oscillating systems with quite different mass scales are
furnished by BB and KK systems [3]. The former, because of the large masses involved,
provides a particularly sensitive system for investigating the Planck scale fluctuations em-
bodied by space-time foam. In all these cases experiments, such as CPLEAR [4], provide
very low bounds on CPT violation which are not inconsistent with dimensional analysis
estimates for the magnitudes of effects from space-time foam. These systems have been
analyzed within a dynamical semigroup approach to quantum Markov processes. Once the
framework has been accepted then a master equation for finite-dimensional systems en-
sued which can be characterized by a small set of parameters. This approach is somewhat
phenomenological and is primarily used to fit data. Consequently it is important to obtain
a better understanding of the nature of decoherence from a more fundamental viewpoint.
An additional, and perhaps more plausible [18], reason for considering quantum deco-
herence models of quantum gravity, comes from recent astrophysical evidence on a current-
era acceleration of our Universe. Indeed, observations of distant supernovae [19], as well
as WMAP data [20] on the thermal fluctuations of the cosmic microwave background
(CMB), indicate that our Universe is at present in an accelerating phase, and that 73% of
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its energy-density budget consists of an unknown substance, termed Dark Energy. Best-fit
models of such data include Einstein-Friedman-Robertson-Walker Universes with a non-
zero cosmological constant. However, the data are also currently compatible with (cosmic)
time-dependent vacuum-energy-density components, relaxing asymptotically to zero [21].
In colliding brane-world models the dark energy component of the Universe is considered to
be a non-equilibrium energy density of the (observable) brane world [22, 12]. This density
is identified with the central charge surplus of the supercritical σ-models describing the
(recoil) string excitations of the brane after the collision.The relaxation of the dark-energy
density component can be a purely stringy feature of the logarithmic conformal field the-
ory [23] describing the D-brane recoil [24] in a (perturbative) σ-model framework. We shall
discuss below how the theory of non-critical strings deals with the twin problems of cosmo-
logical constant, and dark energy. It is worth pointing out that the non-critical (Liouville)
string [9] provides a rather unified formalism for dealing not only with Universes with
a non-zero cosmological constant in string theory, but in general with decoherent quan-
tum space-time foam backgrounds, that include microscopic quantum-fluctuating black
holes [10].
2 Liouville decoherence: general formalism
Given the very limited understanding of gravity at the quantum level, the analysis of mod-
ifications of the quantum Liouville equation implied by non-critical strings can only be
approximate and should be regarded as circumstantial evidence in favour of the dissipative
master equation. In the context of two-dimensional toy black holes[25] and in the presence
of singular space-time fluctuations there are believed to be inherently unobservable delo-
calised modes which fail to decouple from light (i.e. the observed) states. The effective
theory of the light states which are measured by local scattering experiments can be de-
scribed by a non-critical Liouville string. This results in an irreversible temporal evolution
in target space with decoherence and associated entropy production.
The following master equation for the evolution of stringy low-energy matter in a non-
conformal σ-model can be derived[10]
∂tρ = i [ρ,H ] + : β
iGij
[
gj, ρ
]
: (5)
where t denotes time (Liouville zero mode), the H is the effective low-energy matter Hamil-
tonian, gi are the quantum background target space fields, βi are the corresponding renor-
malization group β functions for scaling under Liouville dressings and Gij is the Zamolod-
chikov metric [26, 27] in the moduli space of the string. The double colon symbol in (5)
represents the operator ordering : AB := [A,B] . The index i labels the different back-
ground fields as well as space-time. Hence the summation over i, j in (5) corresponds to a
discrete summation as well as a covariant integration
∫
dD+1y
√−g where y denotes a set of
(D + 1)-dimensional target space-time co-ordinates and D is the space-time dimensionality
of the original non-critical string.
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D−particle /String Scattering with recoil
(b)(a) (c)
Figure 1: Schematic picture of the scattering of a string matter state on a D-particle,
including recoil of the latter. The sudden impulse at t = 0, implies a back reaction onto the
space time, which is described by a logarithmic conformal field theory. The method allows
for the perturbative calculation of the induced space-time distortion due to the entangled
state in (b).
2.1 D-particle Foam and Master Equation
The discovery of new solitonic structures in superstring theory [8] has dramatically changed
the understanding of target space structure. These new non-perturbative objects are known
as D-branes and their inclusion leads to a scattering picture of space-time fluctuations. The
study of D-brane dynamics has been made possible by Polchinski’s realization [8] that such
solitonic string backgrounds can be described in a conformally invariant way in terms of
world sheets with boundaries. On these boundaries Dirichlet boundary conditions for the
collective target-space coordinates of the soliton are imposed. Heuristically, when low
energy matter given by a closed (or open) string propagating in a (D + 1)-dimensional
space-time collides with a very massive D-particle embedded in this space-time, the D-
particle recoils as a result. Since there are no rigid bodies in general relativity the recoil
fluctuations of the brane and their effectively stochastic back-reaction on space-time cannot
be neglected.
Based on these considerations, a model for a supersymmetric space-time foam has been
suggested in [12] . The model is based on parallel brane worlds (with three spatial large di-
mensions), moving in a bulk space time which contains a “gas” of D-particles. The number
of parallel branes used is dictated by the requirements of target-space supersymmetry in
the limit of zero-velocity branes. One of these branes represents allegedly our Observable
Universe. As the brane moves in the bulk space, D-particles cross the brane in a random
way. From the point of view of an observer in the brane the crossing D-particles will appear
as space-time defects which flashing on and off , i.e. microscopic space-time fluctuations.
This will give the four-dimensional brane world a “D-foamy” structure.
Closed and open strings propagate on the brane. Each time these strings cross with a D-
particle, there is a possibility of being attached to it, as indicated in Fig. 1. The entangled
state causes a back reaction onto the space-time, which can be calculated perturbatively
using the formalism of logarithmic conformal field theory [24]. Details are reviewed in
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Appendix B.
Using this model for space-time fluctuations we will obtain an expression for the induced
space-time distortion as a result of D-particle recoil. The set {gi} includes the graviton
fields gMN where M and N are target space-time indices and in the weakly coupled string
limit we can show that:
gℓm = δℓm, g00 = −1, g0ℓ = ε (εyℓ + uℓt) Θε (t) , ℓ,m = 1, . . . , D (6)
where the suffix 0 denotes temporal (Liouville) components and
Θε (t) =
1
2πi
∫ ∞
−∞
dq
q − iεe
iqt, (7)
uℓ = (k1 − k2)ℓ ,
with k1 (k2) the momentum of the propagating closed-string state before (after) the recoil;
yn are the spatial collective coordinates of the D particle and ε
−2 is identified with the
target Minkowski time t for t≫ 0 after the collision [24] (see Appendix B). These relations
have been calculated for non-relativistic branes where un is small and require the machinery
of logarithmic conformal field theory. Now for large t, to leading order,
g0ℓ ≃ uℓ ≡ uℓ
ε
∝ ∆pℓ
MP
(8)
where ∆pℓ, ℓ = 1, . . . , D, is the momentum transfer during a collision and MP is the
Planck mass (actually, to be more precise, MP =Ms/gs, where gs < 1 is the (weak) string
coupling, and Ms is a string mass scale); so g0i is constant in space-time but depends on
the energy content of the low energy particle and RMN = 0 . Since we are interested in
fluctuations of the metric the indices i will correspond to the pair M,N .
However, as already mentioned in the introduction, recent astrophysical observations
from different experiments all seem to indicate that 73% of the energy of the Universe is in
the form of dark energy. Best fit models give the positive cosmological constant Einstein-
Friedman Universe as a good candidate to explain these observations. For such de Sitter
backgrounds RMN ∝ ΩgMN with Ω > 0 a cosmological constant. Also in a perturbative
derivative expansion (in powers of α′ where α′ = l2s is the Regge slope of the string and ls
is the fundamental string length) in leading order
βµν = α
′Rµν = α
′Ωgµν (9)
and
Gij = δij. (10)
This leads to
∂tρ = i [ρ,H ] + α
′Ω : gMN
[
gMN , ρ
]
: (11)
For a weak-graviton expansion about flat space-time, gMN = ηMN + hMN , and
h0ℓ ≃ uℓ ≡ uℓ
ε
∝ ∆pℓ
MP
. (12)
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If an antisymmetric ordering prescription is used, then the master equation for low energy
string matter assumes the form
.
∂tρMatter = i [ρMatter , H ]− Ω
[
h0ℓ,
[
h0ℓ, ρMatter
]]
(13)
( when α′ is absorbed into Ω). In view of the previous discussion this can be rewritten as
.
∂tρMatter = i [ρMatter , H ]− Ω
[
uℓ,
[
uℓ, ρMatter
]]
. (14)
thereby giving the master equation for Liouville decoherence in the model of a D-particle
foam with a cosmological constant.
3 Destruction of interference
The master equation which has been derived is of relevance to the study of general features
of gravity induced decoherence.The above D-particle inspired approach deals with possible
non-perturbative quantum effects of gravitational degrees of freedom. The analysis is
totally unrelated to the phenomenology of dynamical semigroups which does not embody
specific properties of gravity. Indeed the phenomenology is sufficiently generic that other
mechanisms of decoherence such as the MSW effect can be incorporated within the same
framework. Consequently an analysis which is less generic and is related to the specific
decoherence implied by non-critical strings is necessary.
It is sufficient to study a massive non-relativistic particle propagating in one dimension
to establish qualitative features of D-particle decoherence. The environment will be taken
to consist of both gravitational and non-gravitational degrees of freedom; hence we will
consider a generalisation of quantum Brownian motion for a particle which has additional
interactions with D-particles. This will allow us to compare qualitatively the decoherence
due to different environments.The non-gravitational degrees of freedom in the environment
(in a thermal state) are conventionally modelled by a collection of harmonic oscillators
with masses mn, frequency ωn and co-ordinate operator q̂n coupled to the particle co-
ordinate x̂ by an interaction of the form
∑
n gnx̂q̂n. The master equation which is derived
can have time dependent coefficients due to the competing timescales, e.g. relaxation
rate due to coupling to the thermal bath, the ratio of the time scale of the harmonic
oscillator to the thermal time scale etc. However an ab initio calculation of the time-
dependence is difficult to do in a rigorous manner. It is customary to characterise the non-
gravitational environment by means of its spectral density I (ω)
(
=
∑
n δ (ω − ωn) g
2
n
2mnωn
)
.
The existence of the different time scales leads in general to non-trivial time dependences
in the coefficients in the master equation which are difficult to calculate in a rigorous
manner[28]. The dissipative term in (14) involves the momentum transfer operator due
to recoil of the particle from collisions with D-particles (8). This transfer process will
be modelled by a classical Gaussian random variable r which multiplies the momentum
operator p̂ for the particle:
ux → r
MP
p̂ (15)
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Moreover the mean and variance of r are given by
〈r〉 = 0 , and 〈r2〉 = σ2 . (16)
On amalgamating the effects of the thermal and D-particle environments, we have for the
reduced master equation for the matter (particle) density matrix ρ (on dropping the Matter
index)
i
∂
∂t
ρ =
1
2m
[
p̂2, ρ
]− iΛ [x̂, [x̂, ρ]] + γ
2
[x̂, {p̂, ρ}]− iΩr2 [p̂, [p̂, ρ]] (17)
where Λ, γ and Ω are real time-dependent coefficients. As discussed in Appendix B (80) a
possible model for Ω (t) is
Ω (t) = Ω0 +
γ˜
a + t
+
Γ˜
1 + bt2
(18)
where Ω0, γ˜, a, Γ˜ and b are positive constants, including appropriate powers of α
′. The
quantity γ˜ < 1 contains information on the density of D-particle defects on a four-
dimensional world. From the earlier derivation of the master equation it is clear that the
last term of the r.h.s. of (18) represents a time-dependent cosmological constant contribu-
tion. The form of this time dependence, just as other issues to do with the cosmological
constant, is a matter of debate. Arguments, for example, arising from quintessence [29]
and cosmon scalar fields lead to a behaviour which is compatible with (18). Similar be-
haviour is also obtained in dark.energy relaxation models in the context of non-critical
strings (linear-dilaton models [30, 31] or colliding-brane worlds (recoil) [22, 12]). The time
dependence of γ and Λ can be calculated in the weak coupling limit for general n (i.e.
ohmic, n = 1 and non-ohmic n 6= 1 environments) where
I (ω) =
2
π
mγ0ω
[ ω
̟
]n−1
e−ω
2/̟2 (19)
and ̟ is a cut-off frequency. The precise time dependence is governed by Λ (t) =
∫ t
0
ds ν (s)
and γ (t) =
∫ t
0
ds ν (s) s where ν (s) =
∫∞
0
dω I (ω) coth (β~ω/2) cos (ωs). For the ohmic
case, in the limit ~̟ ≪ kBT followed by ̟ → ∞, Λ and γ are given by mγ0kBT and γ0
respectively after a rapid initial transient. For high temperatures Λ and γ have a powerlaw
increase with t for the subohmic case whereas there is a rapid decrease in the supraohmic
case. However for our considerations it is adequate to restrict attention to the ohmic high
temperature limit [32].
4 Solution of the master equation
The master equation of (17) can be solved. It is useful to introduce the operator
D̂ = exp (i (kx̂+∆p̂)) (20)
7
and the transform
ρ˜ (κ,∆) = tr (ρ exp (i (κx̂+∆p̂))) . (21)
The master equations then takes the form
∂
∂t
ρ˜+
(
− κ
m
+ γ∆
) ∂
∂∆
ρ˜ = −Λ∆2ρ˜− Ω (t) r2κ2ρ˜. (22)
This is solved by [33]
ρ˜ (κ,∆, t) = ̥
(
e−γt
(
∆− κ
mγ
)
, κ
)
PI (κ,∆, t) (23)
where PI is a particular solution of 22 and ̥
(
e−γt
(
∆− κ
mγ
)
, κ
)
is an arbitrary solution
of
∂
∂t
ρ˜+
(
− κ
m
+ γ∆
) ∂
∂∆
ρ˜ = 0. (24)
for an arbitrary ̥.
We can write
PI (κ,∆, t) = exp
(
f1 (t) κ
2 + f2 (t)∆
2 + f3 (t)κ∆
)
. (25)
It is then necessary that
d
dt
f1 − f3
m
= −r2Ω (t) (26)
d
dt
f2 + 2γf2 = −Λ (27)
d
dt
f3 − 2
m
f2 + γf3 = 0. (28)
Now (26) is a stochastic differential equation.We can consider r (t)to be a (finite variance)
Gaussian variable with variance σ2 and vanishing mean. In the ohmic high temperature
limit and in the mean we can solve these coupled equations, for initial conditions f1 (0) =
f2 (0) = f3 (0) = 0 to give
f1 (t) =
1
2mγ2
√
b
(
kB T
√
b
(−2γt− (1− e−2γt)+ 4 (1− e−γt))−
2mσ2γ2Γ˜ tan−1
(√
bt
))
(29)
f2 (t) =
1
2
mkBT
(
e−2γt − 1) (30)
f3 (t) =
kBT
γ
(
2
(
e−γt − 1)+ (1− e−2γt)) . (31)
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on taking Ω0 = γ˜ = 0. In order to study interference we need to understand the behaviour
of ρ (x, x′). ρ and ρ˜ are related by
ρ (x, x′, t) =
1
2π
∫ ∞
−∞
dκe−iκ(x+x
′)/2ρ˜ (κ, x− x′, t) . (32)
For an initial state which is a linear superposition |k1〉+ |k2〉 of momentum eigenstates
ρ˜ (κ,∆, t = 0) = πeiκ∆/2
(
δ (κ)
(
ei∆k1 + ei∆k2
)
+ δ (κ+ k2 − k1) ei∆k2 + δ (κ+ k1 − k2) ei∆k1
)
(33)
and so
̥ (∆, κ) = πei
κ
2 (∆+
κ
mγ )
 δ (κ)(ei(∆+ κmγ )k1 + ei(∆+ κmγ )k2)+ δ (κ+ k2 − k1) ei(∆+ κmγ )k2
+δ (κ+ k1 − k2) ei(∆+
κ
mγ )k1
 .
(34)
This implies that
ρ (x, x−∆, t) = 1
2

ef2(t)∆
2+ik1g(t,0,∆) + ef2(t)∆
2+ik2g(t,0,∆)+
ef1(t)(k1−k2)
2+f2(t)∆2+f3(t)(k1−k2)∆e
i
[
(k1−k2)(∆2 −x)+
(k1+k2)
2
g(t,k1−k2,∆)
]
+
ef1(t)(k2−k1)
2+f2(t)∆2+f3(t)(k2−k1)∆e
i
[
−(k1−k2)(∆2 −x)+
(k1+k2)
2
g(t,k2−k1,∆)
]

(35)
where g (t, κ,∆) = e−γt
(
∆− κ
mγ
)
+ κ
mγ
.
The form of interference manifests itself in ρ (x, x, t) :
ρ (x, x, t) = 1 + exp
(
f1 (t) (k1 − k2)2
){
cos
(
[k1 − k2]x− (k
2
1 − k22)
2mγ
(
1− e−γt))} (36)
Clearly from the form of f1 (t) (29) the above indicates that the reduction in contrast
is not exponential with t; hence the interference is qualitatively of a milder form than that
due to conventional baths which includes the approach due to quantum semi-groups.
5 Flavour oscillation
In order to understand the effect of decoherence on flavour oscillations we can for simplicity
consider two flavours and flavours created with a sharp momentum. Consequently for any
momentum ket |k〉 there will be two possible quantum numbers corresponding to the two
mass eigenstates with mass eigenvalues m1 and m2. To reflect this the density matrix will
have a 2× 2 matrix structure
ρ = ρ01+ ρiσi (37)
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where σi, i = 1 . . . 3 are the Pauli matrices and 1 is the identity matrix and a summation
convention over repeated indices is assumed. In terms of
m12 =
m2 −m1
m2 +m1
,
1
m
=
1
2
(
1
m1
+
1
m2
)
(38)
we can write the kinetic energy as H0 =
p̂2
2m
(1+m12σ3). Because the decoherence is
gravitational it will be sensitive to masses; hence we can take it to have in general a
structure with r no longer a scalar function. A random 2×2 matrix structure r = r01+riσi
would be natural. The previous master equation generalises to
i
d
dt
(ρ01+ ρjσj) = [H0, ρ01+ ρjσj ]− iΩ [p̂ (r01+ riσi) , [p̂ (r01+ rjσj) , ρ01+ ρkσk]] (39)
We now introduce
ρ˜µ (κ,∆) = tr
(
ρµD̂
)
(40)
for µ = 0, 1, 2, 3.
The equations arising for ρµ are given in the appendix. In order to draw qualitative
conclusions it is sufficient to simplify by requiring only r0 and r3 as being the only non-zero
random variables. The analysis then simplifies and is given in Appendix A.
The flavour mixing unitary matrix is
U =
(
cos θ sin θ
− sin θ cos θ
)
(41)
and relates flavour to mass eigenstates through |α〉 = Uαj |j〉 ( where the Latin indices apply
to mass eigenstates and Greek indices to flavour eigenstates). The initial density matrix
will represent a particle in flavour eigenstate 1 with momentum p. Its matrix elements are
ρ11 (t = 0) = cos
2 θ |p〉 〈p| (42)
ρ22 (t = 0) = sin
2 θ |p〉 〈p|
ρ12 (t = 0) = sin θ cos θ |p〉 〈p|
ρ21 (t = 0) = sin θ cos θ |p〉 〈p| .
The corresponding elements for ρ˜ are
ρ˜0 (t = 0) = πe
i∆(p+κ/2)δ (κ)
ρ˜3 (t = 0) = π cos (2θ) e
i∆(p+κ/2)δ (κ)
ρ˜1 (t = 0) = π sin (2θ) e
i∆(p+κ/2)δ (κ)
ρ˜2 (t = 0) = 0
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The solution at a general time (c.f. Appendix A) is
ρ˜0 (t) =
π
2
ei∆(p+κ/2)δ (κ)
 (1 + cos (2θ)) exp
[
−t
(
(r0 + r3)
2 κ2 I(t)
t
− i (1+m12)κ(2p+κ)
2m
)]
+
(1− cos (2θ)) exp
[
−t
(
(r0 − r3)2 κ2 I(t)t − i (1−m12)κ(2p+κ)2m
)] 
ρ˜3 (t) =
π
2
ei∆(p+κ/2)δ (κ)
 (1 + cos (2θ)) exp
[
−t
(
(r0 + r3)
2 κ2 I(t)
t
− i (1+m12)κ(2p+κ)
2m
)]
−
(1− cos (2θ)) exp
[
−t
(
(r0 − r3)2 κ2 I(t)t − i (1−m12)κ(2p+κ)2m
)] 
ρ˜1 (t) = π sin (2θ) e
i∆(p+κ/2)δ (κ) cos
(m12
m
p2t
)
exp
(−4r23p2I(t))
ρ˜2 (t) = π sin (2θ) e
i∆(p+κ/2)δ (κ) sin
(m12
m
p2t
)
exp
(−4r23p2I(t)) (43)
where (c.f. (62)):
I(t) ≡
∫ t
0
Ω(t′)dt′ = Ω0t+ γ˜ln(1 + t/a) +
Γ˜√
b
tan−1(
√
bt) (44)
The probability for the transition of flavour 1 to flavour 2 at time t is tr (ρfµρµ (t))
where
ρf0 =
1
2
|p〉 〈p| , ρf1 = −1
2
sin 2θ |p〉 〈p| , ρf2 = 0, ρf3 = −1
2
cos 2θ |p〉 〈p| .
From (43),(44) it is clear that decoherence affects this probability with an exponential
damping only if the cosmological term Ω is the constant Ω0. In particular, in the absence
of the Ω0 term, and in the limit Γ˜ = 0, the decoherence due to the D-particle foam results
in power damping for large times t → ∞, the terms ρ˜i ∼ t−δ2i , i = 0, 3, while ρ˜i ∼ t−p2δ2i ,
i = 1, 2, i.e. the scaling power depends on the probe’s momentum (with δi appropriate
constants depending on the term we look at in (44). With the general Ω (t) of (18) the
probability for flavour oscillation, P1→2, is proportional to
P1→2 ∝ (sin 2θ)2
(
1− exp [−4σ2p2I(t)]) cos(m12p2t
m
)
. (45)
with (t) given by (44).
We remark at this stage that, in view of the fundamental CPT violation inherent in the
master equation (13) or (17), as a result of the microscopic time irreversibility under t→ −t
of the entanglement terms of this equation, it is also possible (but not necessary) to consider
models of D-foam in which the momentum transfer (15), (16) differs between particle and
antiparticle sectors. In such a case, one would then obtain different decoherence coefficients
for particles and antiparticles, a model which was already used in [17] in order to fit LSND
data [16].
Although our simplified model for flavour oscillations, using a non-relativistic bosonic
two-level system, is too simplified for realistic phenomenology of (neutrino) flavour oscil-
lations, nevertheless we believe that it captures the basic features induced by Liouville-
decoherence, which are expected to persist in the relativistic neutrino case. The important
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point is the damping factor exp [−4σ2p2I(t)] in front of the oscillatory term, which depends
on the square of the momentum of the probe, as well as the space-time foam characteris-
tics, such as the dispersion σ2 (16) in the momentum transfer during the interaction of the
matter probe with the D-particle defect.
In this respect, it is interesting to compare the general form (45) of the Liouville deco-
herence, in which the entanglement is time dependent in general, with the generic models
of Lindblad decoherence, based on the approach of [2], in which the environmental en-
tanglement is characterized by a constant decoherence matrix. For instance, consider for
definiteness the two-flavour oscillation case, in the completely-positive neutrino decoher-
ence model of [34, 35], for which there is only one real and positive, constant in time, but
possibly probe-energy dependent, decoherence parameter γ to characterize the quantum-
gravity entanglement. In the case where the energy and lepton number of the neutrino are
assumed conserved (on average, at least) in the presence of quantum-gravity fluctuations,
the oscillation probability reads in that model:
Pνα→νβ =
1
2
(sin 2θ)2
(
1− exp(−γL)cos((m
2
1 −m22)L
2Eν
)
)
(46)
where L = t is the neutrino oscillation length, and Eν is the average energy of the neutrino
beam.
First of all let us concentrate in the form of the oscillatory terms. To understand
the difference between our case (45) and (46), we should remind the reader that flavour
oscillations can be analyzed in two ways: the first involves flavours with sharp momentum,
in which case one considers oscillations in time, as done in the present work, whilst the other
involves flavour with sharp energy, in which case the oscillations are in space. This is the
conventional neutrino case, leading to (46). The conclusions should not change, however,
qualitatively. For our purposes it is not necessary, therefore, to consider the second case
in order to get a qualitative description of the D-foam effects. This will be important only
when we embark on a detailed phenomenology, by looking at specific experiments, in which
case complications involving wave packets and the joint presence of the above effects must
be incorporated. One should also take into account that the neutrino is a highly relativistic
system, with a very small mass, in contrast to our non-relativistic bosonic system examined
in this section for simplicity. One expects, therefore, that when we consider in our approach
relativistic systems, with sharp energy, a similar form for the oscillatory term as in (46) will
be obtained. Qualitatively, however, in both (45) and (46), the main reason for oscillations
is the conventional mass difference between the mass eigenstates, which agrees with the
present phenomenology.
The exponential damping (with time or oscillation length) induced by the decoherence
term is only present in our case in the case of a cosmological constant. The generic D-foam
effects are time dependent in the way indicated in (44), which does not introduce exponen-
tial damping. The important feature, however, is the quadratic momentum dependence
p2 of the exponent of these “damping” terms, which persists in the relativistic case, since
it originates from the specific [p, [p, ρ]] diffusion term of the master equation (17), as well
as their dependence on the specific characteristics of the foam, such as the dispersion σ
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(16) for the momentum transfer during the interaction of the particle probe with the foam.
Experimentally, therefore, one should be able to bound this dispersion by comparing the
oscillation probability (45) as a function of the oscillation length (time) with the corre-
sponding experimental curve. Currently there are stringent limits from neutrino physics
on quantum decoherence terms [36], and one can envisage that such bounds provide im-
portant restrictions on our D-particle foam characteristic dispersion σ, when the model is
applied to relativistic neutrino beams. We postpone a detailed phenomenological analysis
of our effects for a future publication, due to the complications mentioned above.
It is also worth noticing at this stage that damping factors, which resemble those
due to decoherence, can arise simply [37] by conventional uncertainties in the energy (or
momentum, depending of the formalism adopted) of the neutrino beam. If σE denotes the
corresponding dispersion, then, for the two-flavour oscillation problem one finds:
Pνα→νβ =
1
2
(sin 2θ)2
(
1− exp(−2σ2E(m21 −m22)2)cos(
(m21 −m22)〈L〉
2〈Eν〉 )
)
(47)
The reader is invited to compare (47) with (45) and (46). We note that by writing [37]:
σE =
L
4Eν
r, with r ∼ δE/E (ignoring, as negligible, uncertainties in oscillation lengths),
then one may rewrite (47) in a decoherence form (46) with the decoherence coefficient γ ∼
(m21 −m22)2Lr2/8E2ν . For atmospheric neutrinos, this yields the bound γatm ≤ 10−24 GeV,
assuming r2 = (1). Similar bounds can be obtained for the D-foam decoherence damping
factor (45), which notably is independent of the mass difference. Indeed, one can also for-
mally rewrite the damping factor in (45) as a decoherence (46) term, with γ = 4σ2p2I(L)/L,
with L = t. However, for reasons explained above this formula is not quite precise, and for
quantitative comparison one should repeat the analysis with relativistic neutrino systems,
in the sharp energy formalism. This is left for future work.
Finally, before closing this section we would like to compare our result (45) with the
energy-driven Lindblad decoherence models for two-flavour oscillations considered in [38].
In the latter case, the pertinent master equation for the density matrix of matter prop-
agating in a self-adjoint Lindblad environment, spanned by operators D†n = Dn, with
[Dn, H ] = 0, reads (in units ~ = 1 = c):
∂tρ = i[ρ,H ]−
∑
n
[Dn, [Dn, ρ]] . (48)
When specialized to a two-level system, Adler [38] asserts that the only possible choices
that commute with H are Dn = κn1̂, with 1̂ the identity operator, and Dn = λnH , with
κn, λn appropriate constants. In the relativistic massive neutrino case, with fixed energy E
for the neutrino beam, H ≃ p+ m2
2p
, from which, by projecting onto mass eigenstates, and
concentrating on the non-diagonal density-matrix elements, Eq. (48) yields the following
leading-order estimate for the decoherence coefficient γ [38]:
γ ∼ (m
2
1 −m22)2
4E2MP
(49)
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where 1/MP =
∑
n λ
2
n is a characteristic Quantum Gravity scale. In the non-relativistic
case at hand, from the rest-mass terms in the expansion of the HamiltonianH ≃ m+ p2
2m
, we
obtain the following estimate for the decoherence term γnr ∼ (m1−m2)2/MP +O(p4(m1−
m2)
2/4m21m
2
2MP ). These estimates are much more suppressed.than the estimates of [34],
who allowed for the decoherence coefficients (in the relativistic case) to be of order E2/MP ,
with E a fixed neutrino energy.
We now note that this latter, quadratic in energy, dependence of the decoherence co-
efficient appears to be the case of our Liouville decoherence, and owes its form to the
peculiar (quadratic) momentum dependence of the Liouville environmental decoherening
entanglement term of the master equation (17). The form of this term is independent of
the relativistic or non-relativistic nature of the Hamiltonian H , whilst the form of (48),(49)
depends crucially on the form of the Hamiltonian H .
In the Liouville decoherence case of the D-particle foam, examined in the present work,
the Lindblads, given by u ∝ rp̂ (c.f. (15)), although self-adjoint and commuting with the
Hamiltonian of the non-relativistic system, nevertheless are not proportional to it. This
is due to the fact that the Lindblad operators in this case are proportional to the metric
tensor (13), as a result of the underlying general coordinate invariance of the Liouville-
string system, which is not taken into account in the simple quantum mechanical case of
[38]. This leads to an entirely different energy (momentum) dependence (∝ p2) of the
decoherence coefficient in the Liouville case, as we have seen above. With these comments
we conclude our phenomenological analysis on Liouville decoherence.
6 Conclusions
In this work we have examined phenomenological consequences of a decoherence master
equation describing the propagation of low-energy string matter in a space-time foam
background. The basic machinery was the Liouville-string approach to decoherence.
We have restricted ourselves in a specific model for the space time foam, involving the
interaction of strings with space-time D-particle defects. We have seen that the pertinent
master equation exhibits diffusion terms and decoherence, but that there is not always
exponential damping. The reason is the time dependence of some of the decoherence terms.
The Liouville decoherence involves a term which is quadratic in the momentum transfer
encountered during the interaction of the particle probe with the space-time defect. By
considering a specific model of random foam, characterized by the dispersion of such a
momentum transfer, we have been able to solve the pertinent decoherence equation rather
simply, and give the form of the corresponding probability for the oscillation from one
flavour to another, in a toy non-relativistic bosonic model of two flavour oscillations. Our
formalism also allows for the consideration of possible decoherence effects arising from dark
energy contributions in the space time. Such effects have also been taken into account in
the expression for the final oscillation probability
Although the model is not strictly appropriate for neutrino physics, nevertheless it
exhibits the basic properties of Liouville decoherence that one expects to persist in the fully
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relativistic neutrino case. The basic feature is a damping looking factor exp(−4p2σ2I(t)),
in front of the conventional oscillation terms that are due to the mass difference of the
pertinent mass eigenstates. The damping factor depends on the characteristics of the foam,
but leads to exponential damping (with the time t) only in case there is a cosmological
constant term in space time.
The simplified analysis presented in the current article demonstrates that generic phe-
nomenological analyses, based on constant decoherence coefficients, might be misleading,
yielding sometimes incorrect bounds of the relevant space-time foam effects. One should
resort, whenever possible, to rather detailed microscopic models of space-time foam, as
we have done here, before embarking on detailed phenomenological analyses. One should
also be careful to disentangle conventional matter effects, or effects related simply to un-
certainties in the energy or oscillation lengths, before concluding on the possible roˆle of
fundamental physics effects in particle processes, such as flavour oscillation. We hope to
return to a detailed phenomenological analysis of D-particle foam effects in neutrinos and
other particle probes, taking into account of the appropriate spin structures as well, in a
future publication.
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Appendix A: Detailed solution of the master equation
By multiplying (39) with σµ and taking traces the following equations arise:
∂
∂t
ρ˜0 =
κ
m
(
∂
∂∆
ρ˜0 +m12
∂
∂∆
ρ˜3
)
− Ωκ2 (rµrµρ˜0 + 2r0rj ρ˜j) (50)
and
∂
∂t
ρ˜j =
(m12
m
ε3lj + 4Ωhlj
)(
i
∂
∂∆
+
κ
2
)2
ρ˜l − 4iΩκflj
(
i
∂
∂∆
+
κ
2
)
ρ˜l +
κ
m
(
m12δj3
∂
∂∆
ρ˜0 + (δij − im12ε3lj) ∂
∂∆
ρ˜l
)
−
Ωκ2
(
2r0rj ρ˜0 +
(
rlrj + r
2
0δjl + ir0εlkjrk − iflj
)
ρ˜l
)
(51)
where fjp = r0rsεjps + irlrlδjp − irjrp.
When r0 and r3 are the only non-zero components of rµ then the above equations
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become
∂
∂t
ρ˜0 =
κ
m
(
∂
∂∆
ρ˜0 +m12
∂
∂∆
ρ˜3
)
− Ωκ2 ((r20 + r23) ρ˜0 + 2r0r3ρ˜3) (52)
∂
∂t
ρ˜1 = −
(
i
∂
∂∆
+
κ
2
)2 (m12
m
ρ˜2 + 4Ωr
2
3ρ˜1
)
− 4iΩκ
(
i
∂
∂∆
+
κ
2
)(−r0r3ρ˜2 + ir23ρ˜1)+
κ
m
(
∂
∂∆
ρ˜1 + im12
∂
∂∆
ρ˜2
)
− Ωκ2 ((r20 + r23) ρ˜1 + 2ir0r3ρ˜2) (53)
∂
∂t
ρ˜2 =
(
i
∂
∂∆
+
κ
2
)2 (m12
m
ρ˜1 − 4Ωr23ρ˜2
)
− 4iΩκ
(
i
∂
∂∆
+
κ
2
)(
r0r3ρ˜1 + ir
2
3ρ˜2
)
+ (54)
κ
m
(
∂
∂∆
ρ˜2 − im12 ∂
∂∆
ρ˜1
)
− Ωκ2 ((r20 + r23) ρ˜2 − 2ir0r3ρ˜1)
∂
∂t
ρ˜3 =
κ
m
(
∂
∂∆
ρ˜3 +m12
∂
∂∆
ρ˜0
)
− Ωκ2 (2r0r3ρ˜0 + (r20 + r23) ρ˜3) (55)
The equations (52), (53), (54) and (55) form two decoupled sets, one involving ρ˜0 and ρ˜3,
the other ρ˜1 and ρ˜2. In order to solve these equations we introduce the Fourier transforms˜˜ρµ defined by ˜˜ρµ (κ, η) = ∫ ∞
−∞
ρ˜µ (κ,∆) e
−2πiη∆d∆ (56)
(so that ρ˜µ (κ,∆) =
∫∞
−∞
˜˜ρµ (κ, η) e2πiη∆dη).
We then have
i
∂
∂t
( ˜˜ρ0˜˜ρ3
)
=M
( ˜˜ρ0˜˜ρ3
)
(57)
where
M =
( −2πκη
m
− iΩκ2 (r2o + r23) −2πκηm12m − 2iΩκ2r0r3
−2πκηm12
m
− 2iΩκ2r0r3 −2πκηm − iΩκ2 (r2o + r23)
)
.
Now for C =
(
1 −1
1 1
)
C−1MC =
(
λ1 0
0 λ2
)
where
λ1 = − κ
m
(
2 (1 +m12) πη + im (r0 + r3)
2 κΩ
)
(58)
λ2 = − κ
m
(
2 (1−m12)πη + im (r0 − r3)2 κΩ
)
.
Notice that so far Ω has been kept arbitrary, in other words it may be in general a function
of (cosmic) time Ω(t).
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On introducing (
ρ̂0
ρ̂3
)
= C−1
( ˜˜ρ0˜˜ρ3
)
we have
ρ̂0 (t) = e
−i
∫ t
0 λ1(t
′)dt′ ρ̂0 (0) (59)
ρ̂3 (t) = e
−i
∫ t
0 λ2(t
′)dt′ ρ̂3 (0) .
Similarly
i
∂
∂t
( ˜˜ρ1˜˜ρ2
)
= N
( ˜˜ρ1˜˜ρ2
)
where
N11 = N22 = −2πηκ
m
− 16iπ2r23η2Ω + ir23κ2Ω− i
(
r20 + r
2
3
)
κ2Ω
and
N21 = −N12 = 4im12π
2η2
m
+
im12κ
2
4m
− 8πr0r3ηκΩ.
For D =
( −i i
1 1
)
D−1ND =
(
µ1 0
0 µ2
)
and so, on defining (
ρ̂1
ρ̂2
)
= D−1
( ˜˜ρ1˜˜ρ2
)
we have
ρ̂1 (t) = e
−i
∫ t
0 µ1(t
′)dt′ ρ̂1 (0) (60)
ρ̂2 (t) = e
−i
∫ t
0 µ2(t
′)dt′ ρ̂2 (0) .
This analysis can be summarised as follows:
˜˜ρ0 (t) = 12 (e−i ∫ t0 λ1(t′)dt′ + e−i ∫ t0 λ2(t′)dt′) ˜˜ρ0 (0) + 12 (e−i ∫ t0 λ1(t′)dt′ − e−i ∫ t0 λ2(t′)dt′) ˜˜ρ3 (0)˜˜ρ3 (t) = 12 (e−i ∫ t0 λ1(t′)dt′ − e−i ∫ t0 λ2(t′)dt′) ˜˜ρ0 (0) + 12 (e−i ∫ t0 λ1(t′)dt′ + e−i ∫ t0 λ2(t′)dt′) ˜˜ρ3 (0)(61)˜˜ρ1 (t) = i2 (−i(e−i ∫ t0 µ1(t′)dt′ + e−i ∫ t0 µ2(t′)dt′) ˜˜ρ1 (0) + (e−i ∫ t0 µ2(t′)dt′ − e−i ∫ t0 µ1(t′)dt′) ˜˜ρ2 (0))˜˜ρ2 (t) = i2 (−(e−i ∫ t0 µ2(t′)dt′ − e−i ∫ t0 µ1(t′)dt′) ˜˜ρ1 (0)− i(e−i ∫ t0 µ1(t′)dt′ + e−i ∫ t0 µ2(t′)dt′) ˜˜ρ2 (0))
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For the specific case where Ω(t) has the time dependence indicated in (18), the correspond-
ing time integral is elementary:
I(t) ≡
∫ t
0
Ω(t′)dt′ = Ω0t+ γ˜ln(1 + t/a) +
Γ˜√
b
tan−1(
√
bt) (62)
which, in the limit of constant Ω, i.e. Γ˜, γ˜ → 0 yields the standard term I(t, γ˜ = 0, Γ˜ =
0) = Ω0t, responsible for the usual exponential damping. The above results are used in
section 4, where we discuss Liouville decoherence in a toy two-generation oscillation system.
Appendix B: Calculation of back reaction in D-particle
foam
D-particle foam contributions to master equation for Liouville-
decoherence
The material in this Appendix is a review based on [24], where we refer the reader for
further details. Let us consider a D-particle, located at yi(t = 0) ≡ yi of the spatial
coordinates of a (d+1)-dimensional space time (which could be a D3-brane world), which
at a time t = 0 experiences an impulse, as a result of scattering with a matter string state
(see Fig. 1). In a σ-model framework, the trajectory of the D-particle yi(t), i = 1, 2, . . . d,
a spatial index, is described by inserting the following vertex operator in the σ-model of a
free string:
V =
∫
∂Σ
gijy
j(t)∂nX
i (63)
where gij denotes the spatial components of the metric, ∂Σ denotes the world-sheet bound-
ary, ∂n is a normal world-sheet derivative, X
i are σ-model fields obeying Dirichlet boundary
conditions on the world sheet, and t is a σ-model field obeying Neumann boundary con-
ditions on the world sheet, whose zero mode is the target time. The space-time prior
to Liouville dressing is assumed Euclidean for formal reasons (convergence of the corre-
sponding σ-model path integral). We note, however, that the final Liouville-dressed target
space-time acquires Minkowski signature as a result of the time-like signature of the Liou-
ville mode [10, 22].
In the non-relativistic approximation, appropriate for a heavy D-particle defect of mass
Ms/gs, with Ms the string scale, and gs the string coupling, assumed weak (gs ≪ 1), the
path yi(t) corresponding to the impulse is given by:
yi(t) = (εyi + uit)Θε(t)
ui = (k1 − k2)i , (64)
with k1 (k2) the momentum of the propagating string state before (after) the recoil (see fig.
1); yi are the spatial collective coordinates of the D particle, and the regularized Heaviside
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functional operator Θε(t) is given by (7) in the text [24]:
Θε (t) =
1
2πi
∫ ∞
−∞
dq
q − iεe
iqt, (65)
Eq. (64) contains actually a pair of deformations corresponding to the σ-model couplings
yi and ui. These deformations are relevant in a world-sheet renormalization-group sense,
having anomalous scaling dimension −ε2
2
, i.e. to leading order in a coupling constant
expansion their renormalization-group β-functions read:
βy
i
= −ε
2
2
yi , βu
i
= −ε
2
2
ui . (66)
The deformations form a logarithmic conformal algebra (superconformal algebra in the case
of superstrings) which closes if and only if one identifies [24] the regulating parameter ε−2
with the world-sheet renormalization-group scale ln|L/a|2 (L(a) is the Infrared (Ultraviolet)
world-sheet scale):
ε−2 = ηln|L/a|2 (67)
where η denotes the signature of time t of the target-space manifold of the σ-model (prior to
Liouville dressing). For Euclidean manifolds, assumed here for path-integral convergence,
η = +1.
Upon the identification (67) the re-scaled couplings yi ≡ yiε and ui ≡ uiε are marginal,
that is independent of the scale ε. It is these marginal couplings that are connected to
target-space quantities of physical significance, such as the space-time back reaction of
recoil, which we now proceed to calculate.
In what follows we shall concentrate only on the limit ε→ 0. In this limit the dominant
contributions come from the ui recoil deformation in (64), which we shall restrict our
attention to from now on. The corresponding two-point correlation function of the vertex
operator associated with the deformation ui (Zamolodchikov metric in u-space Guu) has
the leading-order behaviour [24]:
Guu ∼ 1
ε2
+ finite terms as ε→ 0 (68)
The corresponding deformations contribute the following terms in the master equation (5):
Liouville Entanglement in Eq. (5) = : βuiGuiuj [uj, ρ] := −
ε2
2
[ui
1
ε2
δij , [u
j, ρ]] =
−1
2
[ui, [u
i, ρ]] = −ε2 1
2
[ui, [u
i, ρ]] (69)
upon selecting antisymmetric operator ordering to ensure the validity of the Lindblad
properties of the evolution, and expressing the final result in terms of marginal u velocities.
The (relative) negative sign in front of the entanglement term in the Liouville master
equation (69) is important for exponential damping, and it was assumed in the text. Finally
one identifies ε2 with the inverse of the (Minkowski) target time 1/t.
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This procedure will therefore yield a master equation for Liouville decoherence in a
Minkowski space-time environment of the form:
.
∂tρMatter = i [ρMatter, H ]− γ˜
t
[
uj,
[
uj, ρMatter
]]
. (70)
where the (positive) constant γ˜ has been incorporated in order to take into account situ-
ations in which the density of D-particles on the brane world is less than one per Planck
volume, assumed above. Lacking a detailed microscopic theory, which would in principle
determine this density from first principles, we have to resort to phenomenological consid-
erations, which are subject in principle to experimental tests. Thus, for us the parameter
0 < γ˜ < 1 will be a free parameter to be bounded by experiment.
In the above derivation the identification t ∼ 1/ε2 →∞ has been used and so the form
of (70) is valid for large times after the scattering of the matter string with the defect.
Formally, in order to avoid unphysical singularities as t→ 0, we may replace the 1/t term
by 1/(a+ t), with a a positive constant, i.e.
.
∂tρMatter = i [ρMatter, H ]− γ˜
a+ t
[
uj,
[
uj , ρMatter
]]
. (71)
with a > 0. But we stress again, that at short times after the collision our σ-model
perturbation theory breaks down. It is also for this reason that the above-derived master
equation is considered as rather “phenomenological”.
Vacuum Energy contribution to the master equation for Liouville
Decoherence
The above-described effects is not the only contribution to decoherence. If there is a
vacuum energy in the space-time over which the non-critical string propagates, then the
above-described foam effects will also contribute to a novel type of decoherence, associated
with the vacuum energy.
To determine this effect we first notice that the renormalization-group relevant defor-
mations (63) require Liouville dressing in order to restore the conformal invariance of the
σ-model. There are two ways one can proceed in this matter. As we shall demonstrate be-
low, the two approaches are physically equivalent, as far as the (perturbative) calculation
of the back reaction onto space time is concerned.
Method I.
The first method concerns dressing of the boundary operator (63)
VL,boundary =
∫
∂Σ
eαiφyi(t)∂nX
i, αi = −Q
2
+
√
Q2
2
+ (1− hi) (72)
where hi is the boundary conformal dimension, and Q
2 is the induced central charge deficit
on the boundary of the world-sheet. In what follows we deal first with Euclidean target-
spaces prior to Liouville dressing.
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The rate of change of Q2 with respect to world-sheet scale T ≡ ln|L/a|2 ∼ ǫ−2 is given
by means of Zamolodchikov’s c-theorem [26], and it is found to be of order [13] u2i ǫ
4,
as being proportional to the square of the renormalization-group βi functions (i = ui):
∂Q2
∂T
∝ −βiGijβj, where Gij = 1ε2 δij + . . . , is the Zamolodchikov metric in coupling constant
u-space. This implies that Q2(t) = Q20 +O(ǫ2), where Q20 is constant.
We shall distinguish two cases for Q0. The first concerns the case where Q0 6= 0 (and
by appropriate normalization may be assumed to be of order O(1)). This is the case of
strings living in a non-critical space time dimension. The other pertains to the case where
the only source of non-criticality is the impulse deformation, i.e. Q0 = 0. In the former
case, one has a Liouville dimension αi ∼ ǫ2, while in the latter αi ∼ ǫ.
We next rewrite the boundary operator (72) as a bulk operator, using Stokes’ theorem,
and then manipulate it as follows:
VL,boundary =
∫
Σ
∂α
(
eαiφyi(t)∂
αX i
)
=
=
∫
Σ
αie
αiφ yi(t)∂αφ∂
αX i +
∫
Σ
eαiφy˙i(t)∂αt∂
αX i +
∫
Σ
eαiφyi(t)∂
2X i =∫
Σ
αie
αiφ yi(t)∂αφ∂
αX i +
∫
Σ
eαiφ∂α
(
y : i(t)∂αX i
)
(73)
The first term in the last line describes an off-diagonal metric contribution (in our chosen
coordinate system) of the form (6):
g0i = αiyi(t) (74)
Method II.
In the second method [13], one rewrites the boundary operator (63) as a bulk total
world-sheet derivative operator, and then Liouville-dresses the bulk operator i.e.
VL,bulk =
∫
Σ
eαiφ∂α
(
yi(t)∂
αX i
)
, αi = −Q
2
+
√
Q2
2
+ (2−∆i) (75)
where ∆i is the conformal dimension of the bulk operator. The central charge deficit Q
is of the same order Q2 = Q20 + O(ǫ2) as in the boundary case, which implies again that
αi ∼ ǫ2 if Q0 6= 0, and αi ∼ ǫ if Q0 = 0.
For the bulk operator (75) one has:
VL,bulk =
∫
Σ
∂α
(
eαiφyi(t)∂
αX i
)− ∫
Σ
αie
αiφ yi(t)∂αφ∂
αX i =
=
∫
∂Σ
eαiφyi(t)∂nX
i −
∫
Σ
αie
αiφ yi(t)∂αφ∂
αX i (76)
From the second term of the last line of (76) one obtains an induced target-space metric
contribution
g0i = −αiyi(t) (77)
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which differs from the induced metric (74) by an overall minus sign. The latter is innocuous,
and can be absorbed in a rescaling of the coordinates. Moreover, since in the respective
master equations (14) the metric appears quadratically, the sign is irrelevant in this respect.
We now mention that [24] the logarithmic algebra implies a non-trivial infrared fixed
point, which in the case Q0 6= 0 is determined by φ0 = ǫ−2 ∼ ln(L/a)2 → ∞, where φ0
is the Liouville field world-sheet zero mode. Thus, αiφ0 is finite as ǫ → 0+. Therefore,
as expected from the restoration of the conformal invariance by means of the Liouville
dressing, one can now take safely the infra-red limit ǫ → 0+ in the above expressions. It
is then easy to see that one is left in both cases with the target-space metric (8), thereby
proving the equivalence of both approaches at the infrared fixed point.
In the case Q0 = 0, the running central charge deficit Q
2 = O(ǫ2). Recalling [9] that
the above formulæ imply a rescaling of the Liouville mode by Q ∼ ǫ, so as to have a
canonical kinetic σ-model term 1, and that in this case it is the φ0/Q which is identified
with ln(L/a)2 ∼ ǫ−2 as pertaining to the covariant world-sheet cutoff, one observes that
again αi φ is finite as ǫ → 0+, and hence similar conclusions are reached concerning the
equivalence of the two methods of Liouville dressing of the impulse operator (63).
The recoil-induced metric (74) (or, equivalently (77)), implies novel decoherence con-
tributions to the master equation. As discussed in the text, if there are such contributions,
then they show up as entanglement contributions for the case that the string propagates
in a de-Sitter background. In such a case the space-time is not Ricci flat, since the corre-
sponding Ricci tensor reads
Rµν = Ωgµν (78)
where Ω denotes vacuum energy, which may even be allowed to depend on cosmic time.
From a σ-model view point, such backgrounds are not conformal, since the corresponding
graviton β-function is precisely given by the Ricci tensor to leading order in the Regge-
slope (α′) perturbative expansion.From the master equation (5), then, one obtains in this
case the specific master equation (14) in the text.
Combining the two types of effects, D-particle foam (71) and Vacuum energy contribu-
tions (78), one may arrive at the following master equation to be used in the text:
.
∂tρMatter = i [ρMatter, H ]− Ωtotal
[
uj,
[
uj , ρMatter
]]
. (79)
where
Ωtotal(t) = Ω0 +
γ˜
a+ t
+
Γ˜
1 + bt2
(80)
with the various forms having been defined in the text.
The constant Ω0 > 0 has been added to take possible account of other types of foam, or
cosmological constant contributions. It is only this constant (positive) part that is respon-
sible for exponential damping factors in physical quantities such as oscillation probabilities.
1Notice that this rescaling becomes a trivial one in the case where Q0 6= 0.
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Sub-leading Ohmic-type Contributions of the D-particle Foam to
the master equation
Before closing this discussion we would like to comment briefly on the form of subleading
effects (as ε → 0) associated with the operators pertaining to the D-particle coordinates
yi in (64). Note that the relevant world-sheet operator associated with this is εΘε(t).
Such terms would contribute the following environmental entanglement in the master
equation (5):
Sub− leading Liouville Entanglement in Eq. (5) =
: βyiGyiyj [yj, ρ]+ : βyiGyiuj [uj, ρ] : (81)
Such terms are additional to the leading order terms exhibited in (71) above. The compo-
nents of the Zamolodchikov’s metric in (ui, y
i) “space” can be found by means of explicit
computation using the (logarithmic) conformal algebra of the pertinent deformations [24].
To leading order in ε→ 0 they read:
Gyiyj ∼ −ε2δij , Gyiuj ∼ δij (82)
where we note the relative minus sign of the first correlator. The above expressions refer
to Euclidean formalism, with ε2 > 0. On using (66) and passing into exactly marginal cou-
plings yi ≡ yiε , uj ≡ ujε , with i, j = 1, . . . d spatial indices, we obtain for the entanglement
terms (81) (assuming antisymmetric quantum operator ordering throughout):
Sub− leading Liouville Entanglement in Eq. (5) = ε
6
2
yiy
i − ε
4
2
yiu
i . (83)
Taking into account that ε−2 ∼ t is the (Minkowski) target time, and using (15), we may
rewrite the entanglement (83) as follows (again formally regularizing for short times, where
our approach is not valid):
Sub− leading Liouville Entanglement in Eq. (5) =
1
2(a1 + t3)
[yi, [y
i, ρ]]− 1
2MP (a2 + t2)
r[yi, [p̂
i, ρ]] . (84)
where a1,2 are appropriate positive cut-off constants, serving as regulators in the t → 0
limit. Upon noting that the D-particle coordinate operator yi can be identified with the
(stringy) probe coordinate operator x̂i in the entangled state, one observes that the first
term in (84) acquires a conventional ohmic form [x̂, [x̂, ρ]] of the type considered in (17),
with a time-dependent coefficient given by (84) above. This motivates the amalgamated
form of the master equation considered in this work, combining ohmic and D-particle foam
effects.
The randomness assumption (16) eliminates the second term of (84), which would
otherwise constitute an additional entanglement term in the master equation, of a type
also encountered in customary decoherent systems. However, this term may be present
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in models of foam in which there is an ordered bulk current of D-particle defects crossing
the D3 brane world, which could contribute an average recoil velocity 〈ui〉 6= 0 on the
three-dimensional brane world. The latter type of models would result in modified dis-
persion relations for low-energy probes, but these need to satisfy severe phenomenological
constraints [39]; however, it has been argued[40] that only photons, and probably gauge
bosons, could exhibit entanglement with the D-particle foam, for purely stringy reasons
that we shall not discuss in this work. These latter types of probes suffer less severe
phenomenological restrictions at present.
This completes our semi-rigorous (rather phenomenological) analysis of D-particle foam
effects and their roˆle in inducing decoherence of quantum matter propagating in it.
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